Non-Abelian Vortices in Condensed Matter Physics 



Y. M. ChcE 

Center for Theoretical Physics, College of Natural Sciences, 
Seoul National University, Seoul 151-74-2, Korea 
and 

C.N. Yang Institute for Theoretical Physics, 
State University of New York, 
Stony Brook, NY 11790, USA 

Hyojoong Khim and Namsik Yon^ 
School of Physics, College of Natural Sciences, 
Seoul National University, Seoul 151-742, Korea 



We study the non-Abelian topological vortices in condensed matter physics, whose topological 
flux quantum number is described by it2(S^), not by 7ri(S'^). We present two examples, a magnetic 
vortex in two-gap superconductor and a vorticity vortex in two-component Bose-Einstein conden- 
sate. In both cases the condensates exhibit a global SU (2) symmetry which allows the non-Abelian 
topology. We establish the non-Abelian flux quantization in two-gap superconductor by demonstrat- 
ing the existence of non-Abelian magnetic vortex whose flux is quantized in the unit 'in/g, not 2% / g. 
We also discuss a genuine non-Abelian gauge theory of superconductivity which has a local 5(7(2) 
gauge symmetry, and establish the non-Abelian Meissner effect in the non-Abelian superconductor. 
We compare the non-Abelian vortices with the well-known Abelian Abrikosov vortex, and discuss 
how these non-Abelian vortices could be observed experimentally in two-gap superconductor made 
of MgB2 and spin-1/2 condensate of *^Rb atoms. Finally, we argue that the existence of the non- 
Abelian vortices provides a strong evidence for the existence of topological knots in these condensed 
matters whose topology is fixed by 7r3(5'^), which one can construct by twisting and connecting the 
periodic ends of the non-Abelian vortices. 
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I. INTRODUCTION 



Topological objects, in particular finite energy topo- 
logical solitons, have played an important role in physics. 
In condensed matter the Abrikosov vortex in ordinary su- 
perconductors and similar ones in Bose-Einstein conden- 
sates (as well as in superfluids) are the well-known exam- 
ples of the (l-|-2)-dimensional topological solitons, which 
have been studied extensively theoretically and experi- 
mentally Q . These vortices originates from the fact that 
the underlying theory has a U{1) (i.e., an Abelian) sym- 
metry, which provides a 7ri(S'^) topology to the vortices. 
On the other hand, recent experimental advances have 
enabled us to create far more complex condensed matters, 
such as two-gap superconductors and two-component 
Bose-Einstein condensates (BEC) 0, U- This opens a 
new possibility for us to observe far more interesting 
topological objects in condensed matters 0,|HIE>I3- 

This is because the new condensates, due to their 
multi-component structure, can have a complex topolog- 
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ical structure which is absent in the single-component 
condensates. The purpose of this paper is to demon- 
strate the existence of non-Abelian vortices and topolog- 
ical knots in the new condensed matters. In the follow- 
ing we present two examples of novel non-Abelian vortex 
whose topology is described by 712(8'^), one in two-gap 
superconductor and one in two-component BEC, which 
are completely different from the well-known Abelian 
Abrikosov vortex. Furthermore we predict the existence 
of the totally new type of solitons, the topological knots, 
in these condensates. We argue that one can construct 
such a knot by smoothly twisting the non-Abelian vortex, 
bending and connecting the periodic ends of the vortex 
together Q . The vortex ring constructed this way ac- 
quires the knot topology 7r3(5^), which guarantees the 
topological stability of the knot. The existence of the 
new topological objects, of course, is based on the fact 
that these new condensates have a global SU{2) symme- 
try which is non-Abelian. 

A most important difference between the non-Abelian 
magnetic vortex and Abrikosov vortex in ordinary su- 
perconductor is the non-Abelian flux quantization. In 
two-gap superconductor we show the existence of mag- 
netic vortex whose flux is quantized in the unit 47r/g, 
not 2'K/g. Mathematically this non-Abelian flux quanti- 
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zation has a deep reason. This follows from the fact that 
the volume of the U{1) subgroup of SU (2) is twice as big 
as the volume of the Abelian U{1). 

Since the superconductivity has always been de- 
scribed by an Abelian (i.e., electromagnetic) interaction 
one may assume that the effective theory of two-gap su- 
perconductor should be an Abelian gauge theory which 
has a global SU{2) symmetry. But in this case the two 
condensates must carry the same charge, because there 
is no way that the Abelian gauge field can couple to 
a doublet condensate whose components have opposite 
charges. But this does not mean that a doublet conden- 
sate carrying opposite charges can not exhibit a super- 
conductivity. In this paper we discuss an SU (2) gauge 
gauge theory of two-gap superconductor made of an op- 
positely charged doublet condensate, which can exhibit a 
genuine non-Abelian superconductivity. We establish a 
non- Abelian Meissner effect in this theory showing that 
the theory allows a non-Abelian magnetic vortex. As far 
as we understand, this type of non-Abelian superconduc- 
tivity has never been discussed before. 

A similar non-Abelian vortex can also exist in two- 
component BEC. This is because two-component BEC 
also has a non-Abelian structure similar to two-gap su- 
perconductor ^ . In this paper we consider two compet- 
ing theories of two-component BEC, the Gross-Pitaevskii 
theory and the gauge theory of two-component BEC 
which has a vorticity interaction, and show that both 
theories allow non-Abelian vorticity vortices very simi- 
lar to each other. We also show that the gauge theory 
of two-component BEC, with the vorticity interaction, 
is closely related to two-gap superconductor. The only 
difference is that in two-component BEC the gauge inter- 
action is induced one, while in two-gap superconductor 
it is independent. 

Finally we discuss the prototype non-Abelian vortex, 
the baby skyrmion in Skyrme theory, and show that the 
non-Abelian vortices in condensed matters are a direct 
generalzation of the baby skyrmion. In fact we will see 
that all underlying theories of non-Abelian vortices dis- 
cussed in this paper are closely related to the Skyrme 
theory. This observation has an important implication, 
because this strongly implies the existence of topologi- 
cal knots in two-gap superconductor and two-component 
BEC. In Skyrme theory it is well-known that one can 
construct a knot by twisting the baby skyrmion (making 
it periodic in ^-coordinate) and connecting the periodic 
ends together fsj. Exactly the same way we can con- 
struct a similar knot by twisting the non-Abelian vortex 
and connecting the periodic ends together in the new con- 
densed matters 0, • The twisted vortex ring made this 
way acquires the knot topology 7r3(5'^) and thus becomes 
a knot itself. 

The paper is organized as follows. In Section II we 
present a non-Abelian magnetic vortex in two-gap su- 
perconductor in which the two condensates carry the 



same charge, and establish the non-Abelian magnetic flux 
quantization. In Section III we compare the non-Abelian 
vortex with the well-known Abelian Abrikosov vortex, 
and discuss the differences between the two vortices. In 
Section IV we establish a non-Abelian superconductiv- 
ity presenting a genuine SU (2) gauge theory which could 
describe a two-gap superconductor made of a doublet 
carrying opposite charges. With this we demonstrate 
the existence of a magnetic vortex in this non-Abelian 
superconductor which is identical to the vortex in two- 
gap superconductor based on Abelian gauge symmetry. 
In Section V we discuss a non-Abelian vortex in Gross- 
Pitaevskii theory of two-component BEC, and identify 
the vortex as a vorticity vortex. In Section VI we dis- 
cuss a gauge theory of two-component BEC which has a 
vorticity interaction, and show that the theory has a non- 
Abelian vortex which is very similar to the one in Gross- 
Pitaevskii theory. In Section VII we show that the above 
non-Abelian vortices are a straightforward generalization 
of the prototype non-Abelian vortex, the baby skyrmion 
in Skyrme theory. Based on this we discuss how one can 
construct a topological knot from the non-Abelian vor- 
tices in the new condensates. Finally in Section VIII we 
discuss the physical implications of our results. 



II. NON-ABELIAN MAGNETIC VORTEX IN 
TWO-GAP SUPERCONDUCTOR 

A recent development in condensed matter physics is 
the discovery of two-gap supercondector made of MgB2 
The purpose of this section is to demonstrate the 
existence of a non-Abelian magnetic vortex in two-gap 
superconductors. The reason for this is that two-gap su- 
percondector is made of a doublet which form an SU (2) 
multiplet. In general, this type of topological vortex is 
possible when one has more than one condensate in the 
superconductor which has a symmetry group G with a 
nontrivial 7:2(0/ H) where H is the Abelian subgroup, 
but in this paper we will concentrate on SU{2) and two- 
gap superconductors. 

Our non-Abelian vortex could be either relativistic 
or non-relativistic, and appear with both Abelian and 
non-Abelian gauge interaction. Let the complex doublet 
scalar field (f) = (0i, 02) be the order parameter of a two- 
gap superconductor. In the mean field approximation 
the Landau-Ginzburg free energy of the two-gap super- 
conductor could be expressed by 

^ = T^^KV + z5A)0ip + -^|(V -f tgA)ct>2\' 
Ami 11712 

+V{c^^A2) + \{VxA)\ 
V{(j)i,4>2) = -ai(j)\(j)i - a2(j>\4>2 - az{(j)\(f>2 + 4>\,4>i) 
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where and Pi are coupling constants. This is an obvi- 
ous generahzation of the Landau-Ginzburg free energy of 
ordinary superconductor, but one can simpHfy the above 
Hamihonian with a proper normahzation of 0i and 02 to 
(V2mi/?i)0i and (\/2m^/?i)02, 

W=|(V+25A)0|2+V^(<^1,02) 



(2) 



where V is the normahzed potentiaL Furthermore one 
may assume that the normahzed potential has the sim- 
plest form, assuming that the normalized coupling con- 
stants satisfy ai ~ a2, ck3 ~ 0, and /3i ~ /32 — Ps for 
simplicity. In this case the potential reduces to 



V = -a. 



(3) 



With this simplification the Hamiltonian acquires a 
global SU{2) symmetry (as well as the U{1) gauge sym- 
metry). In general the SU (2) symmetry will be broken in 
real two-gap superconductors, but one may still regard 
the SU(2) symmetry as an approximate symmetry. In 
this sense it is worth studying the SU{2) symmetric po- 
tential first as a starting point. We will come back to a 
more general potential later. 

With the above Hamiltonian one may try to obtain a 
non-Abelian vortex minimizing the free energy. On the 
other hand, to study a static vortex solution, one might 
as well start from the following relativistic Lagrangian 



C 



4 M"^' 
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In the static limit the Lagrangian reproduces the above 
Hamiltonian, and gives us an identical equation of mo- 
tion. So it must be clear that one can either start from 
the non-relativistic Hamiltonian (0) or the relativistic La- 
grangian (0} to discuss the static solution. With this ob- 
servation we will use the Lagrangian to describe the 
two-gap superconductor in the following. The advantage 
of the Lagrangian approach, of course, is that it estab- 
lishes the non-Abelian vortex of two-gap superconductor 
as a topological soliton of a renormalizable quantum field 
theory. 

The Lagrangian has the equation of motion 



D^<j) = A 



A 



(5) 



Now, with 



-T/'' 1*'^^' 

h — C^aC, = 1, 



(6) 



we have the following identity 

1 



dp. - igAp - -a ■ df,nj C 0, 

Ap = ^-C^dpC 
9 



(7) 



With this we can reduce (0 to 

d^p-fho,nr+g'Bl)p^^{p'~pl)p, 



P 



{' 

+ (^02n + -I- 2igBp)df,h^ ■ ajc = 0, 



Bf_i — Ap + Ap. 
Notice that the second equation has the form 

{A + B-a)C^Q, 
A^id^nr, 

p ■ f-' 



(8) 



(9) 



which is equivalent to 

A + B-n = 0, 
n X B - in X {n X B) = 0. (10) 

So the second equation of (jSJ can be transformed to an 
equation for n. With this we can express ^ as 

d'p~{\{d,n?+9'Bl) p^^ip'^pl) p, 

n X d^h + 2-^h x dnh %{daFn„)d^h = 0, 

P 9P^ 

dpFp,.=g^p^B,. (11) 

This is the equation for two-gap superconductor . The 
second and third equations assure that the theory has 
two conserved currents, one SU{2) current and one U{\) 
current. 

Notice that the equation © is written in terms of 
the SU{2) doublet C, whose target space is . But the 
equation (jll|l is written completely in terms of h, whose 
target space is . This is made possible because of the 
Abelian gauge invariancc. The Abelian gauge invariance 
reduces the physical target space of ^ to the gauge orbit 
space = S'^ I , which forms a CP^ space which is 
identical to the target space of n. In fact with the 
Lagrangian Q can be expressed in terms of fi (with p 
and B,,) 



1 



1 .,1 



+ \p'p'-^p'-\{G,.-F,.)\ 

Ff_,i, = -^n ■ {df_,n x d^n). 
■^9 



(12) 
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Notice that the Lagrangian reproduces Hll() . 

To obtain the vortex solution let {g, ip, z) be the cylin- 
drical coordinates and choose the following ansatz 

P = p{q)i 



/ cos 
A, 

With this we have 



so that is reduced to 



exp( — ITTW^) 

f{Q) 
sm 

2 

TTL 

—A{g)d^(p. 



(sin f{g) cosmip\ 
sin f{g) sin mip , 
cos f{g) J 

[cos f{g) + l)df,ip, 



P+-P 
Q 



f+ sin'f 



A- 



cos / + 1 \ 2 



P= ^(P^ ^ Po)P' 



In terms of 



9 9 ^ 

this can be written as 



cos / + 1 



1 

P+-P 
Q 



Q 



Q 



A, 



^ 9 Q P ' 



.g p g^g^ 



VP? sin / cos / • TV? s\T? f 
~3. J 



g2g3 p2 



2m^ ( ■■ B\sinf 

-^sm/cos/ = -^-^{B 

g g \ g / p 



B 



1 



B---g'p'B=-\! 
g 2 \ 

--/) sin/. 



cos/ 
sin/ 



(13) 



(14) 



(15) 



(16) 



Now, we impose the following boundary condition for the 
non-Abelian vortex, 

p(0) = 0, p(oo) = po, /(0)=7r, /(oo)=0, 

A(0) = -1, v4(oo) = 1. (17) 



This need some explanation, because the boundary value 
yl(0) is chosen to be —1, not 0. This is to assure the 
smoothness of the scalar field p{g) at the origin. Only 
with this boundary value p, with /9(0) = 0, becomes an- 
alythic at the origin. At this point one might object the 
boundary condition, because it creates an apparent sin- 
gularity in the gauge potential at the origin. But notice 
that this singularity is an unphysical (coordinate) singu- 
larity which can easily be removed by a gauge transfor- 
mation. In fact the singularity disappears with the gauge 
transformation 



— > (/)exp(— ir7i(^), 



A,, 



^ — ^mV, 
9 



(18) 



which simultaneously changes the boundary condition 
A(0) = -1, A{oo) = 1 to A(0) = 0, A(oo) = 2. This 
boundary condition will have an important consequence 
in the following. 

Notice that the magnetic field H of the vortex is ex- 
pressed as 



m A 
H = . 

9 Q 



(19) 



So we can deduce from \ibl that asymptotically the 
scalar field p and the magnetic field H approach the 
asymptotic values po and zero with the following expo- 
nential damping 



Pa- p~ exp {-y/2pg), 
H ~ exp {-gpog), 



(20) 



respectively. This tells that, just like the single- 
component superconductor, the coherence length of the 
condensate and the penetration length of the mag- 
netic field Xh are given by 



1 



A 1 ^ 

V2p' V2p 9 

9 



(21) 



So, when ^/X is smaller (larger) than g, the superconduc- 
tor becomes type I (type II). Clearly, the condition 



V\ = g, 



(22) 



is the critical condition at which the superconductor 
changes its type from I to II. 

With the boundary condition we can integrate H15(l 
and obtain the non-Abelian vortex solution of the two- 
gap superconductor, which is shown in FigQ] Notice that 
the non-trivial profile of f{g) assures that the doublet ^ 
starts from the second component at the origin and ends 
up with the first component at the infinity. This assures 
that the vortex is essentially non-Abelian. 
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FIG. 1: The non-Abelian vortex with m = 1 in two-gap su- 
perconductor which has 47r/(ji flux. Here we have put (7 = 1 
and \/A — 2, and g is in the unit of po. 
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FIG. 2: The non-Abelian vortex with m = 1 in two-gap su- 
perconductor which has 2n/g flux. Notice that here we have 
P(0) / 0. 



Clearly the magnetic field H of the vortex has total 
flux given by 



H(fx 



27rm 
9 



[A(oo) - A(0)] 



(23) 



Notice that the unit of the non-Abelian flux is 47r/g, 
not 27r/g. Obviously this is a direct consequence of 
the boundary condition A{0) = — 1 (or more precisely 
A{oo) - A{Q) = 2) in that we discussed before. 

With the ansatz H13|l one can express the Hamiltonian 
of the vortex as 



n = 



1 



Q 



cos/ 



-(/±-sin/f^ 
Q 4 



2 



1, x2 
-)P) 



±H{gp^ + ^/A(p§ - p^)) 



(fx, 



(24) 



so that the Hamiltonian has a minimum value when 



m cos / + 1 
Q 2 

TO 



/±-sin/ = 0, 

Q 

H±^ip'-pl) = 0. 



(25) 



Furthermore, when the coupling constant A has the crit- 
ical value 1)22(1 . one can integrate the second order equa- 
tion H15() to the above first order equation H25|l . 

Integrating the second equation of (|25|l we have 

g2m _ ^2 2agi™ 
cos /(g) = sin /(g) - (26) 



where a is an integration constant. With thie 12 5|) is 
reduced to 

TO , , o^™ 



--±f(P^-pg) = o. 

In this case the Hamiltonian becomes 



(27) 



(28) 



and the energy (per unit length) acquires the absolute 
minimum value 



2 .9 2 

E = 27rTOgo -po(i 



(29) 



This tells that the minimum energy is fixed by the topo- 
logical flux quantum mumber. 

The magnetic vortex is topological. This is because 
the non-linear sigma fleld n defined in ® naturally de- 
scribes the mapping 7r2(S'^) from the compactified xy- 
plane S*^ to the physical target space , whose quantum 
number tt2{S'^) is given by 

1 = 1 e,jdiCdjC(fx 



— I tijfi ■ (dih X djh)(fx = Y / fs'^nfdg 



(30) 







Q 



Clearly this topology is due to the non-Abelian nature 
of two-gap superconductor. As we will see this is the 
topological quantum number that we will encounter re- 
peatedly in the following. 

We have shown that the above magnetic vortex has a 
non-Abelian flux quantization rule. So one might won- 
der whether the two-gap superconductor does not allow 
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a magnetic vortex which satisfies the ordinary flux quan- 
tization rule. It does. Indeed with a different boundary 
condition 

p(0)=0, p(oo) = po, /(0)-7r, /(oo)=0, 

A(0)=0, ^(oo) = l, (31) 

we obtain another magnetic vortex solution in two-gap 
superconductor which has jg flux. This is shown in 
FiglH The difference between the two solutions is that 
in Fig[21both components of ^ vanish at the core of the 
vortex, but in Fig|2] the second component has a finite 
condensation due to the boundary condition /9(0) = 0. 
Notice that this boundary condition would have been 
unacceptable in ordinary (one-gap) superconductor be- 
cause it creates a physical singularity at the vortex core. 
But in two-gap superconductor this boundary condition 
produces a perfectly regular vortex. This is another un- 
expected feature of two-gap superconductor. 

So far we have assumed the potential (|3Jl to obtain 
the vortex solution for simplicity. But as we have re- 
marked the global SU{2) symmetry of the potential will 
often be broken in reality 9] . For example the potential 
could be such that the vacuum density of two condensates 
is completely independent. In this case we may not be 
able to impose the boundary condition (|17|l . in particular 
/(oo) = 0, and will no longer have the non-Abelian flux 
quantization 0,^3- This, together with the above result, 
tells that in two-gap superconductor different boundary 
conditions lead to different flux quantizations. 



III. COMPARISON WITH ABELIAN VORTEX 



At this point it is important to understand exactly 
how different is the non-Abelian magnetic vortex from 
the well-known Abelian Abrikosov vortex [J. To com- 
pare the non-Abelian vortex with the Abelian vortex, we 
let (p be the charged scalar field of the electron-pair con- 
densate in ordinary superconductor. Then the Abrikosov 
vortex is described by the Abelian Landau-Ginzburg La- 
grangian 



(|^ is reduced to 



C = -\D„ 



-I' 



1 9 

4 /^i" 



(32) 



which has the equation of motion 



(33) 



With the ansatz 



= ;y|P(£')exp(-im(p), 



-A{Q)df,ip. 



(34) 



1 Tfi^ o A 9 9 



Q 



Q 

A--A- g^p^{A-l) = 0. 



Now, with the boundary condition 

p(0) = 0, p(oo) = po, 
A{0) = 0, A{oo) = 1, 



(35) 



(36) 



one can easily obtain the well-known Abelian Abrikosov 
vortex solution 1] , whose magnetic flux is given by 



Hd^x 



27rm 

.9 

27rm 



[A(oo) - ^(0)] 



(37) 



The ansatz H34|l assures that the topological flux quan- 
tum number of the Abelian vortex is fixed by 7ri(S'^). 
Remember that here the penetration length of the mag- 
netic field Xh and the coherence length of the condensate 
are also given by lj2lj. 

To compare the above Abelian vortex with the non- 
Abelian one, let us consider the critical case \/A = g. In 
this case (|35|l is reduced to the first order equations 

p±-{A-l)p^O, 
Q 



m A 

77^ 2 



(38) 



This has to be compared with H25|) . When f — (or 
/ = tt), the two sets of equations become identical to 
each other. This is not surprising because when / = 
(or f — tt) one component of the doublet becomes 
zero, which effectively reduces the doublet to a singlet. 
This tells two things. First, the two-gap superconductor 
can also (as it should) allow the Abelian vortex (with 
/ = or / = tt), whose topology is fixed by 7ri(S'^). 
Notice, however, in this case the non-Abelian topological 
quantum number (as well as the non-Abelian magnetic 
flux) defined by (|30|l becomes identically zero. Secondly, 
when /((?) has a non-trivial profile, there is no way the 
non-Abelian vortex can be related to the Abelian one. 
This is because in this case there is no way (no gauge 
transformation) in which the doublet can be put into 
a singlet. Moreover, the non-trivial f{g) ensures that 
the topology of the non-Abelian vortex is 712(6'^), not 
7ri(S'^). This distinguishes our non-Abelian vortex from 
the Abelian Abrikosov vortex. 

Another important difference comes from the mag- 
netic flux and the energy. In the Abelian case the Hamil- 
tonian, with (|22() . becomes 



n = '-Hpi 



(39) 
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so that the energy of the vortex (per unit length) is given 
by 



one has 



(40) 



This means that the non-Abehan vortex has twice as 
much magnetic flux and energy. This difference can 
be traced back to the difference of the boundary con- 
ditions (|f 7|l and (|36|) . fn the Abelian case Ij^GI) tells that 
A{oo) — A{0) — 1, but in the non-Abclian case Ijf 7() tells 
that A{oo) — A{0) = 2. Obviously this difference makes 
the difference in the magnetic flux and the energy. Math- 
ematically this difference originates from the fact that the 
Abelian U{1) runs from to 27r, but the fiber oiSU{2) 
runs from to 47r. 



IV. NON-ABELIAN SUPERCONDUCTOR 



So far we have discussed an Abelian gauge theory of 
two-gap superconductor. But notice that this type of su- 
perconductor must be made of the doublet whose com- 
ponents carry the same charge (e.g., a doublet made of 
two electron-electron pair condensates or two hole-hole 
pair condensates), because the doublet is coupled to the 
Abelian electromagnetic field. Obviously the above the- 
ory can not describe a doublet which is made of oppo- 
site charges (made of one electron-electron pair conden- 
sate and one hole-hole pair condensate). In this case an 
Abelian gauge theory can not explain the superconduc- 
tivity. Now we show that this type of two-gap supercon- 
ductor can be explained by a genuine non- Abelian SU (2) 
gauge theory, and show that this type of superconductor 
also allows a non- Abelian magnetic vortex identical to 
what we have discussed before. 

To construct a theory of superconductor which has 
a genuine non- Abelian gauge symmetry, we need to un- 
derstand the mathematical structure of the non- Abelian 
gauge potential. Consider SU{2) and let n be a gauge 
covariant unit triplet which selects the charge direction 
of SU{2). In this case one can always decompose the 
non- Abelian gauge potential into the restricted potential 
A^ and the valence potential 0, > 



A„ + X„ 



(A^ = n • A^, n2 = f , h-X^, = 0), 



(41) 



where A^ is the "electric" potential. Notice that the 
restricted potential is precisely the potential which leaves 
fi invariant under parallel transport, 

D^n = df_,n + gA^^ x n = 0. (42) 

Under the infinitesimal gauge transformation 



5n 



'dy.fl, 5 An 



1 
9 



(43) 



5An = -fi ■ dad, 6An = -bud, 
9 9 

5X^ = -a X X^. 



(44) 



This tells two things. First, A^ by itself describes an 
SU{2) connection which enjoys the full SU{2) gauge de- 
grees of freedom. Secondly, the valence potential 
forms a gauge covariant vector field under the gauge 
transformation. Furthermore this tells that the decom- 
position is gauge- independent. Once the gauge covariant 
topological field fi is given, the decomposition follows au- 
tomatically independent of the choice of a gauge 0, • 

The importance of the decomposition (|4f |l for our 
purpose is that one can construct a non-Abelian gauge 
theory, a restricted gauge theory which has a full non- 
Abelian gauge degrees of freedom, with the restricted 
potential A^ alone 0, ^| . This is because the valence 
potential can be treated as a gauge covariant source, 
so that one can exclude it from the theory without com- 
promizing the gauge invariance. Indeed we will see that 
it is this restricted gauge theory which describes the non- 
Abelian gauge theory of superconductivity. 

Remarkably the restricted potential A^ retains all the 
essential topological characteristics of the original non- 
Abelian potential. First, n defines ■K'AS'^) which de- 
scribes the non-Abelian monopoles pHll3 |. Secondly, it 
characterizes 7r3(5'^) which describes not only the topo- 
logically distinct vacua but also the instanton numbers 
[Tsi IT3|. Furthermore it has a dual structure. 



-h ■ [d^h X dyfi) = df,Cu ~ dyC^, (45) 



where is the "magnetic" potential pjLIT^. 

With these preliminaries we now establish a non- 
Abelian superconductivity. Consider a SU{2) gauge the- 
ory described by the Lagrangian in which a doublet 
couples to the restricted SU (2) gauge potential, 



C 



9 



(46) 



The equation of motion of the Lagrangian is given by 

A 



(^,<i>)t^$-ci>t^(i),$)]. (47) 



Let ^ and r\ be two orthonormal doublets which form a 
basis, 
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^^(t£_ = n, rj^irrj = —n, 
(n • ct) C = {n = -V, 

and let 

With this we have the identity 



(48) 
(49) 



2i g 



1 



and find 



(50) 



(51) 



where 

- (9^ + 



2i 



2i 



" ~ .9 



From this we can express (|46|l as 



'I A-' M"' 



(52) 



where 



T — B A — B A 



til 



This tells that the restricted SU (2) gauge theory H46|l is 
reduced to an Abelian gauge theory coupled to oppositely 
charged scalar fields 0+ and . We emphasize that this 
Abelianization is achieved without any gauge fixing. 

The Abelianization assures that the non- Abelian the- 
ory is not difiierent from the two-gap Abelian theory. In- 
deed with 



(53) 



we can express the Lagrangian (|52|l as 



(54) 



This is formally identical to the Lagrangian Q of two- 
gap Abelian superconductor discussed in Section II. The 
only difference is that here (f) and are replaced by x 
and Afj,. This establishes that, with the proper redefi- 
nition of field variables H49|) and (|51|l . our non- Abelian 
restricted gauge theory can in fact be made iden- 
tical to the Abelian gauge theory of two-gap supercon- 
ductor. This proves the existence of non- Abelian super- 
conductors made of the doublet consisting of oppositely 



charged condensates. As importantly our analysis tells 
that the two-gap Abelian superconductor has a hidden 
non-Abelian gauge symmetry because it can be trans- 
formed to the non-Abelian restricted gauge theory. This 
implies that the underlying dynamics of the topological 
superconductors is indeed the non-Abelian gauge symme- 
try. In non-Abelian superconductor it is explicit. But in 
two-gap Abelian superconductor it is hidden, where the 
full non-Abelian gauge symmetry only becomes transpar- 
ent when one embeds the nontrivial topology properly 
into the non-Abelian symmetry 

Once the equivalence of two Lagrangians l@J and H4t)|) 
is established, it must be evident that the non-Abelian 
gauge theory of two-gap superconductor also admits a 
non-Abelian magnetic vortex. This proves the existence 
of a non-Abelian Meissner effect and non-Abelian super- 
conductivity. All the results of Section II become equally 
valid here. 



V. NON-ABELIAN VORTEX IN 
GROSS-PITAEVSKII THEORY OF 
TWO-COMPONENT EEC 



The creation of the multi-component Bose-Einstein 
condensates of atomic gases 3j has widely opened new 
opportunities for us to study the topological objects ex- 
perimentally which so far have been only of theoretical 
interest. This is because the multi-component BEC could 
have a complex non-Abelian topological structure, and 
thus could have far more interesting topological vortices. 
Already new vortices have successfully been created with 
different methods in two-component Bose-Einstein con- 
densates 0, 01 . But suprisingly, there have been few 
theoretical study of these vortices. Indeed only recently 
the physical meaning of the vortices has been clarified 
as a vorticity vortex |l7j |. In the following we discuss 
the non-Abelian vortex in Gross-Pitaevskii theory of two- 
component BEC in detail. 

Let a complex doublet (j> = {(j)i,4>2) be the two- 
component BEC, and consider the non-relativistic two- 
component Gross-Pitaevskii Lagrangian 



(4(5t0i)-(5t0i)t0i 



+Hl(t>l(t>l + Ai202</'2 
-Al2(<^t<^l)((/'^02)- 



(|9,01p-H|9,02| 



2M 



(55) 



where /i, are the chemical potentials and Ay are the quar- 
tic coupling constants which are determined by the scat- 
tering lengths Qij 

i2 



47r?i^ 



(56) 
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Notice that here we have neglected the trapping poten- 
tial. This is justified if the range of the trapping potential 
is much larger than the size of topological objects we are 
interested in, and this is what we are assuming here. 

The Lagrangian has the global U{1) x U{1) symme- 
try. But notice that for the spin 1/2 condensate of *^Rb 
atoms, the scattering lengths Uij differ by only about 3 % 



where 



[islll^ . In this case one may safely assume 



All — Ai2 ~ A22 — A. 
With this (1551) can be written as 



(57) 



r 



Mn2 



2M' 



A^ 



where 



(58) 



(59) 



Clearly the Lagrangian has a global U{2) symmetry when 
Sfi — 0. So the 6^ interaction can be understood to 
be the symmetry breaking term which breaks the global 
U{2) symmetry to U{1) x U{1). Physically Sfj, represents 
the difference of the chemical potentials between 0i and 
02 (Here one can always assume (5/i > without loss 
of generality) , so that it vanishes when the two conden- 
sates have the same chemical potential. Even when they 
differ the difference could be small, in which case the 
symmetry breaking interaction could be treated pertur- 
batively. This tells that the theory has an approximate 
global U{2) symmetry, even in the presence of the sym- 
metry breaking term |l7| . This confirms that the theory 
of two-component BEC is essentially non-Abelian. 



Normalizing to {^/2M /h)(j) and putting 



V2 



pC, iCH - 1) 



(60) 



we have the following Hamiltonian in the static limit (in 
the natural unit c = Ti = 1) from the Lagrangian (|58|l . 



(61) 



(5/x2 = 2MSn. 



where 

This can be expressed as 

n = Xp^ n, 

n^lid.pr + lp'm' + lip'-ir 



(62) 



P 



Po 



VApo 



Notice that Ti. is completely dimensionless, with only one 
dimensionless coupling constant 6p/ fi. This tells that the 
physical unit of the Hamiltonian is Apg, and the physi- 
cal scale of the coordinates is k. Since the correlation 
length ^ is given by ^ = l/y/2pM, k is comparable to 
the correlation length (f = \/2 n). 

Minimizing the Hamiltonian we have 



32 



P~m'p^{-:^{p'-pl) + 5p\CK2))p. 

{ 



(92_c^a2c) + 2^(a.-ct5.c) 
p 



~5p\C2C,2)]Cl 



0, 



{ 



{d^-Cd^C) + 2'^{d,-c}d,0 
p 

-'5/^'(crci)}c2 = o, 

C^,{p^^,0-^^{p^^,C)^^Q■ 



(63) 



The equation is almost identical to the equation of 
two-gap superconductor, although on the surface it ap- 
pears totally different from Hll|) . To show this we let 

h = CaC, 
V^, = -iC^d^^C. (64) 
and find the following identities 

h ■ {df,h X d^n) = -2i{d^,Cd^C, - d^Cd^^C,) 

= 2{d^V,-d,V^). (65) 

Moreover, from {Tj) we have 



(66) 



With these identities we can rewrite the equation H63|) 
into a completely different form. Indeed with H65|l the 
first equation of H63I) can be written as 



d^p^[lO,nr + V^]p^[i^ip'~pl) 
+Sp'iQC2)]p- 



(67) 

Moreover, with (|65|l the second and third equations of 
can be expressed as 



A^d^n^+t{2QC2~l)Sp\ 

B = d^n + 2—d^h + 2iV,h x d.fi 
P 



(68) 
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where k = (0, 0, 1). Thus we can write (|68|) as 

2VAn 



n X o n + 2 n x diU 



P 

= 5^j?k X h. 
FinaUy, the last equation of (|63|) is written as 

= 0, 



(69) 



(70) 



which tells that p^Vi is solenoidal (i.e., divergenceless) . 
So we can always replace Vi with another field Bi 



1 



eijkdjBk 



1 



P 



2 ' 



(71) 



and express lIHtHl as 



n X o n + 2 n x Oin 

P P 

= 6p?k X ft. 



(72) 



With this (|63|) can now be written as 



+SpHQC2)]p, 



2\ 

Po) 



n X d'^h + 2^^n x dih + -^diGudj-fi = Sn^k x n, 
P p^ ' ' 



-p'Vj. 



(73) 



This tells that (|63|l can be transformed to a completely 
different form which has a clear physical meaning. The 
last equation tells that the theory has a conserved UiX) 
current j^, 



(74) 



which is nothing but the Noether current of the global 
C/(l) symmetry of the Lagrangian H58|l . The second equa- 
tion tells that the theory has another partially conserved 
SI] {2) Noether current 



= p^h X df_,n - 2p^V^h, 



(75) 



which comes from the approximate SU (2) symmetry of 
the theory broken by the 5p term. It also tells that there 
is one more U{1) current 



kf_^ — k ■ j^ , 



(76) 



which is conserved even when 6p is not zero. This is 
because the SU{2) symmetry is broken down to U{1) 
when 5p is not zero. 

More importantly this reveals that the Gross- 
Pitaevskii theory of two-component BEG is closely re- 
lated to the Landau- Ginzburg theory of two-gap super- 
conductor. Indeed, the equation (|ll|l of two-gap super- 
conductor and the equation H73|) of two-component BEG 
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FIG. 3: The non-Abelian vortex in the Gross-Pitaevskii the- 
ory of two-component EEC. Here we have put n = 1, and 
g is in the unit of n. Dashed and solid lines correspond to 
5p/ p = 0.1 and 0.2 respectively. 



acquire formally an identical form when 5p 



0, 



cept that here gBi and Fij is replaced by Vi and —Gij. 
This is really remarkable, but actually is not surpris- 
ing. This is because, when the electromagnetic inter- 
action is switched off, the Landau-Ginzburg Lagrangian 
Q reduces to the Gross-Pitaevskii Lagrangian H58|l in 
the limit Sp ~ (in non-relativistic limit). In this case 
the two theories really become identical. 

To obtain the vortex solution in two-component BEG, 
we choose the ansatz 



p = pie), 

expi 
/(e) 



' cos ^^—^ exp(— im(/7) " 



(77) 



sm ■ 



With the ansatz is reduced to 



P+-P 
Q 



P + ^ COS^ ^ + Sp^ SIT? - J p 



/ 
2 



2 



i^ip"^ - Po'^)p, 



Sp^ sin/ 



= 0. 



Now with the boundary condition 

p(0) = 0, p(oo) = Po, 
/(O) = TT, /(«.) = 0, 



(78) 



(79) 



we can solve the equation and obtain the non-Abelian 
vortex solution in two-component BEG shown in Fig. |31 
Notice that H78|l also admits the well-known Abelian vor- 
tices with Ci = or ^2 = (or equivalently / = or 
/ = tt). But obviously they are different from the non- 
Abelian vortex, which has a non-trivial profile of f{g). 
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One can show that this vortex is topological, which 
carries a topological quantum number. In fact it can be 
viewed as a quantized vorticity flux 0, 0| . To see this 
notice that the potential VJj defined in (|(j4|l is nothing 
but the velocity field of the doublet (, which is given by 

777 

v^, = -iC^d^c = - -(cos / + i)d^^. (80) 

This generates the vorticity 
1 

2' 



-h ■ {d^n X d^n) 



it does not change the physical nature of the vortex. In 
particular, the vortex can be interpreted as a vorticity 
flux. Finally, the vortex is topological in origin. It has 
a well-defined non-Abelian topology 7r2(S'^), even when 
(5/i is not zero jl^ . This is unexpected, because in this 
case we have only U{1) x U{1) symmetry which can not 
provide the non-Abelian topology. Moreover the topo- 
logical quantum number has a clear physical meaning. It 
represents the vorticity quantum number. 

In this paper we have adopted the SU{2) symmetric 
quartic interaction with H57() for simplicity. But in reality 
one may have to face a more complicated quartic inter- 
action in two-component BEC. Nevertheless many of our 
results would undoubtedly survive with this complica- 
tion. For other quartic potentials we refer the readers to 



which has a quantized vorticity flux $i along the z-axis existmg literature 



artic P' 

ma 



$1 



Hgipgdgdifi ~ — 27rm. 



(82) 



Furthermore, this flux can be viewed to originate from 
a supercurrent which confines it with a built-in Meissner 
effect 



cos/ 



1 



f--f) sin/a^^. 



sin/ g 
d^jf, = 



(83) 



This tells that the vortex is a quantized vorticity flux 
which is confined by the above supercurrent lL5] . 

To understand the topological nature of the vortex, 
notice that the vorticity Hf^^, is completely fixed by the 
non-linear sigma field n, whose target space forms S^. So 
h naturally defines a mapping 7r2(5^) from the compact- 
ified xy-plane to the target space S^. The topological 
quantum number of this mapping is given by 



tijdiC}djC,(fx = 



(84) 



This, of course, is mathematically identical to the quan- 
tum number H3()|l of the magnetic flux in two-gap super- 
conductor. This confirms that the magnetic vortex in 
two-gap superconductor and the vorticity vortex in two- 
component BEC have identical topology. The only differ- 
ence is that here the vortex describes a vorticity vortex, 
not a magnetic vortex. 

There are three points which should be emphasized 
here. First, the boundary condition l(7(1)l assures that at 
the vortex core we have only (1)2 but at the infinity </>! 
takes over completely. This confirms that the vortex is 
essentially non-Abelian. Secondly, when approaches 
zero, the vortex size becomes infinite so that it changes 
the shape of the vortex. But as far as it remains finite. 



VI. GAUGE THEORY OF TWO-COMPONENT 
BEC 



An important difference between two-component 
BEC and ordinary (one-component) BEC is the vorticity. 
The ordinary BEC has no vorticity but two-component 
BEC has a non-trivial vorticity. This is because the ve- 
locity field of one-component BEC is given by the gra- 
dient of the phase angle of the condensate, so that it 
has a vanishing vorticity. Due to the doublet structure, 
however, the velocity field of two-component BEC is not 
given by the gradient of the phase angle of the conden- 
sate. So a two-component BEC has a non-vanishing vor- 
ticity which plays an important role as we have seen in 
the above analysis. 

In general creating vorticity costs energy. But the 
above theory of two-component BEC does not reflects 
this point properly, because the Gross-Pitaevskii La- 
grangian (|55|1 has no vorticity interaction. But we can 
construct a gauge theory of two-component BEC which 
can naturally accommodate the vorticity interaction 
In the following we show that the gauge theory of two- 
component BEC also allows a vorticity vortex very sim- 
ilar to the one we have in Gross-Pitaevskii theory. 

Consider a "charged" two-component condensate 
interacting "electromagnetically" , which can be de- 
scribed by the gauged Gross-Pitaevskii Lagrangian 



L = 



0t(A</))-(A0)V 



2M' 

4 All" 



I A 



-0^0 = (5^ - igA^,)(j). 



(85) 



Notice that here we have assumed Sji = 0, so that the 
global U{2) symmetry of the Lagrangian (|58|l is modified 
to a local U{1) and a global SU{2) symmetry. Normal- 
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izing (j) to (V2M /h)(j) and putting 



1 

71 



pC, (ck = 1) 



we have the following Hamiltonian from (|85|l in the static 
limit 



^4 -y 



(86) 



where Pq = 2/i/A, and we have again rescaled p^ and A. 

Obviously the Lagrangian (|85|l can be identified as a 
non-relativistic Landau-Ginzburg Lagrangian of two-gap 
superconductor. But, of course, here we are dealing with 
the neutral condensates, so that the "electromagnetic" 
interaction should be treated not as independent but as 
self-induced. This means that the gauge potential has 
to be a composite field of the condensate, and we may 
identify the "electromagnetic" potential by the velocity 
field of C B, 



9A' 



V„ 



(87) 



A justification for this is that we can actually derive this 
from the Hamiltonian (|86|l if we neglect the Maxwell 
term. Indeed (|87|l becomes nothing but the Euler- 
Lagrange equation of the Hamiltonian for the potential 
in the absence of the Maxwell term. 

Now, introducing a CP^ field <^ by 



we have 



C = exp(*7)C, ?t^ = l. 
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(89) 



where Hf^i, is the vorticity of the velocity potential V^. 
With this the Hamiltonian H8()l) is written as 

n = lid.pf + \p'{m' - \ed.e) + \{p' ~ pI? 



1 



(90) 



This tells two things. First the Hamiltonian naturally 
accommodates the vorticity interaction. Secondly the 
doublet C is completely replaced by the CP^ field ^ in 
the Hamiltonian, so that the theory becomes a theory of 
CP^ field (coupled to a scalar field p). 

One might wonder why we need to include the vor- 
ticity interaction in the Hamiltonian, when we do not 



have such interaction in one-component BEG. The rea- 
son is that creating a vorticity costs energy. So physi- 
cally it makes sense to keep the vorticity interaction in 
the Hamiltonian. Moreover, here the coupling constant g 
now represents the strength of the vorticity interaction. 
So we can always remove the vorticity interaction if nec- 
essary, by putting g — oo. This justifies the vorticity 
interaction in the Hamiltonian Q . 

Minimizing the Hamiltonian (with the constraint 
= 1) we have the following equation of motion 

d'p~ {m' - \ed.e)p- ^ip' - pDp, 

f (92 _ ^ta2^) + 2(^ - - 

p 



g'p' 



^ 0. 



(91) 



To understand the meaning of H91I) notice that we can 
rewrite the identities (|65|l and H66(l as 



and 



— H iij, , 



{d^~igA'^~'-a-d^,h)£_^0, 



(92) 



A'^ - —ed^^C (93) 
.9 



With this (following the same procedure we adopted in 
the above section) we can rewrite (|91ll as 

d^p-lid.nfp^^ip^-pl)p, 



Ap 



1 



n X d h + 2 n x dih H — Tr^diHijdjh = 0. (94) 

P g^p^ 

This is the equation of two-component BEG that we are 
looking for. Notice that the second equation assures that 
the theory has a conserved SU(2) current, which is a 
direct consequence of the global SU{2) symmetry of the 
Lagrangian 

The equation H94(l should be compared with the equa- 
tion Hll|) of two-gap superconductor and the equation 
(|73|l of two-component BEG, which are very similar to 
each other. In particular the similarity between pi(l and 
(|94|l is unmistakable. Indeed, when = 0, the first 
two equations of ((TTt reduce exactly the equation of 
two-component BEG. This tells that the gauge theory of 
two-component BEG is almost identical to the Landau- 
Ginzburg theory of two-gap superconductor. The only 
difference is that in BEG the electromagnetic interaction 
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becomes induced, because here the condensate is neutral 
ill 

With ^ the Hamiltonian ^ acquires a remarkable 
form 

1 



(95) 



where 



n 



p = 



{d.P? + '-^{d.n? + Up' - I? 



p_ 

Po' 



di = ndi, K = 



VXpQ 



So the theory can be written completely in terms of the 
non-linear sigma field h (and the scalar field p). The rea- 
son for this is the Abelian gauge invariance of H85|) , which 
remains intact with the self-induced interaction intro- 
duced by l|57|) . And, just as in two-gap superconductor, 
this Abelian gauge invariance reduces the physical target 
space of ( to the gauge orbit space S*^ = S^/S^ of the 
CP^ field ^, which is identical to the target space of the 
non-linear sigma field fi. This is why we could transform 
the equation of motion (|91|) completely into the equation 
for h in (|94|l . This means that we can describe the the- 
ory as a self interacting CP^ model, or equivalently a self 
interacting non-linear sigma model (coupled to a scalar 
field p) ||. 

To construct the desired vortex solution in this theory 
we choose the ansatz 

p = p{q), 

(cos exp{—im(p) \ 
. /(f) )' 
sm— / 

Csin/(gi) cosmip\ 
sin/(p) smmip , 
cos f{g) J 

{cos f{g) + l)df,ip, 



A 



2.9 



(96) 



and reduce the equation to 
.. 1 



P 



Q 



\{p'-pI)p. 



1 



sin^ / 



52 p2 



P' 



f 



p 



rn? sin /cos/ • sin'^/x • 



g g 



g-Q P 



■ sin /cos / — 0. 



(97) 
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FIG. 4: The non- Abelian vortex with m = 1 in gauge theory 
of two-component BEG. Here we have put g — \/A — 1, and 
Q is in the unit of k. 



Notice the remarkable similarity between the above equa- 
tion and the magnetic vortex equation Hlti|) in two-gap su- 
perconductor. Indeed without the electromagnetic field 
(i.e., with B — 0) the first two equations of (|16|l becomes 
identical to the above equation. Now, with the boundary 
condition 



p(0) = 0, p(oo) = pq, 
/(0) = 7r, /(cx3) = 0. 



(98) 



we obtain the the non- Abelian vortex solution in gauge 
theory of two-component BEC shown in Fig0] Notice 
again that the non-trivial profile of / assures that the 
vortex is non- Abelian. 

Just like in the Gross-Pitaevskii theory the vortex 
here is topological, whose topological quantum number 
is expressed by n2{S^) of the condensate ^ (or by the 
non-linear sigma field n). 



€ijh ■ [dih X djh)d^x = m. 



(99) 



Moreover, our analysis tells that the non-Abelian vortex 
is nothing but the quantized vorticity flux -ff/^jy, which is 
confined by a Meissner effect. Again this is because the 
U{1) gauge symmetry of (|^ assures the existence of a 
conserved supercurrent 



0, 



(100) 



which generates and confines the vorticity flux. This tells 
that two vortex solutions in this and the last section are 
almost identical. Both describe a quantized vorticity and 
have identical topology. The only difference is the dy- 
namics. In the firse case the vorticity interaction is ab- 
sent, but in the second case it plays an important role. So 
we have two competing theories of two-component BEC. 
Which describes the real two-component BEC can only 
be answered by experiments. 
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VII. A PROTOTYPE NON-ABELIAN VORTEX: 
BABY SKYRMION 

There is a well-known prototype non-Abelian vortex, 
the baby skyrmion in Skyrme theory, which is very simi- 
lar to the non-Abelian vortices in condensed matters. In 
fact all non-Abelian vortices that we discussed in this pa- 
per originate from the baby skyrmion. This is because 
Skyrme theory itself is closely related to the above theo- 
ries of two-gap superconductor and two-component BEC. 
In this sense it is worth reviewing the Skyrme theory and 
clarify the connection between the Skyrme theory and 
above theories of condensed matters. 

The Skyrme theory has a rich topological structure. 
The theory allows not only the original skyrmion |19| . 
but also a prototype knot known as Faddeev-Niemi knot 

I23. Furthermore, it allows a non-Abelian vortex 
called the baby skyrmion Since the Skyrme the- 

ory can be viewed as a non-linear sigma model, it has a 
global SU (2) symmetry which allows a non-trivial topol- 
ogy 713(5*^). In (H-3)-dimcnsion this ^^{S'^) is respon- 
sible for the skyrmion. But with the Hopf fibering of 

to 52 X S^, this TTsiS^) can be reduced to TT^iS'^) 
which provides the knot topology. Moreover in (1+2)- 
dimension the theory allows 7^2(8'^), which is responsible 
for the baby skyrmion. Among these topological objects 
the baby skyrmion and the knot are of particular rele- 
vance to us. 

The importance of the baby skyrmion follows from the 
fact that it can give rise to the Faddeev-Niemi knot. In 
fact one can construct a twisted vortex ring by twisting it 
(making it periodic in z-coordinate) and connecting the 
periodic ends together. The twisted vortex ring acquires 
the knot topology 7r3(S'^), and becomes the Faddeev- 
Niemi knot I3, • This observation strongly implies the 
existence of topological knots in two-gap superconductor 
and two-component BEC, because one could also con- 
struct a twisted vortex ring with the above non-Abelian 
vortices. So it is crucial to understand the baby skyrmion 
for us to construct the non-Abelian knots in condensed 
matters. For this reason we briefly review the baby 
skyrmion in this section. 

Let uj and n be the massless scalar field and non-linear 
sigma field in Skyrme theory. With 

a 

U — exp(a;— • n) 
2i 

= COS — — i[a ■ n) sm — [n = 1), 

= Ud^U\ (101) 
one can write the Skyrme Lagrangian as 

/:=^trL^ + ^tr([L^,L.])^ (102) 
A remarkable feature of the Skyrme Lagrangian is that 

W = TT, (103) 
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FIG. 5: The baby skyrmion with m = 1 in Skyrme theory, 
where we have put a/fji^ = 1 for simplicity. Notice that g is 
in the unit of a/q//!. 

is a solution of the equation of motion, independent of 
n. This means that, as far as we are concerned with the 
classical solutions, we can assume w = tt. In this case 
the Lagrangian H102|) is reduced to the Skyrme-Faddeev 
Lagrangian jj, 

C^-^id^n)^-jid^nxd,n)^, (104) 

whose equation of motion is given by 

n X d'^n + — {d^j,H^^)dun = 0, 
A* 

Hf^u ^n- {df^hx di,n). (105) 

This is the equation which describes not only the baby 
skyrmion but also the Faddeev-Niemi knot j^]- Notice 
that here iJ^^ is mathematically identical to the vorticity 
Hfj^i, in BEC (up to the overall factor two), so that it can 
be expressed as a field strength of pootential 2V^. 

Now it must be clear that the equation (|105|) is very 
similar to the equation (|11() of two-gap superconductor 
and the equations H73|) and (|94|) of two-component BEC. 
In fact all three equations of two-gap superconductor and 
two-component BEC can be viewed as straightforward 
generalizations of H105() . This implies that the Skyrme 
theory and the above theories of condensed matters are 
closely related. 

The Skyrme-Faddeev theory allows (not only the 
Faddeev-Niemi knot but also) a vortex solution called 
the baby skyrmion [23|. To be specific, let 

(sin f{g) cos rrupX 
sin f{g) sin irup . (106) 
cos f{g) J 

With this the equation (|105ll becomes 
/1 a ™^ • 2 j.\ i-- 
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/I a m? ■ a m? , A " 

Tfl 

^sin/cos/ = 0. (107) 

Q 

Now, with the boundary condition 

/(O) = TT, /(oo) = 0, (108) 

one can obtain a (massless) baby skyrmion solution 
shown in Fig. |5| Notice the unmistakable similarity be- 
tween the equation (|107|l and the vortex equations pt)|) 
and H97|l of two-gap superconductor and two-component 
BEC. With p = pq the second equation of H97|) becomes 
identical to (|107() . Furthermore with p = po and B — 
the second equation of Hl()|) becomes identical to (|107|l . 
In particular, when a — 0, the above equation has the 
well-known analytic solution 

cos /(g) = sin /(g) ^ (109) 

g'^™ -I- g^™ -t- 

which is precisely the solution 126() that we have in two- 
gap superconductor. 

This implies that the baby skyrmion can actually be 
viewed as a confined magnetic vortex in condensed mat- 
ter, confined by the Meissner effect. Indeed we can view 
that Hfiu in l|105|) is generated by the conserved super- 
current 

= d'^H^,, d^j^ - 0. (110) 

This means that we can interprete if^jy as a magnetic 
field created by the supercurrent which confines the mag- 
netic flux. This demonstrates the existence of the Meiss- 
ner effect in Skyrme theory. This tells that the baby 
skyrmion is very much like a magnetic vortex in two-gap 
supercnductor or a vorticity field in two-component BEC. 

Clearly the baby skyrmion is topological. Again with 
the one-point compactification of the xy-plane to 5^ , 
n defines the homotopy tt2{S'^) of the mapping from the 
5^ to the target space = SU{2) /[/(I) with the integral 
topological quantum number m, 

q = — / eijfi ■ {difi X djfi) d?x = m. (HI) 
Stt J 

Obviously this is identical to the topological quantum 
number of the non-Abelian vortices in consensed mat- 
ters. This confirms that indeed the baby skyrmion is a 
prototype non-Abelian vortex which is very similar to all 
non-Abelian vortices in consensed matters. 

The baby skyrmion is unstable in the sense that, by 
enlarging the size of the baby skyrmion, one can lower the 
energy of the baby skyrmion. So it could not be thought 
to represent a realistic physical object. Nevertheless it 
plays a very important role because it can give rise to 
the Faddeev-Niemi knot [g. Indeed one can view the 



knot as a twisted magnetic flux ring, which one obtains 
by twisting the baby skyrmion (making it periodic in 
z-coordinate) and connecting the periodic ends together. 
The identiflcation of the Faddeev-Niemi knot as a twisted 
vortex ring made of baby skyrmion strongly indicates the 
existence of a similar knot in two-gap superconductor 
and two-component BEC. This is because we can also 
construct a similar knot by twisting the magnetic vortex 
or the vorticity vortex to make a twisted vortex ring ^ 

Em 

The knot quantum number of Faddeev-Niemi knot is 
given by 

Exactly the same topology should describe the non- 
Abelian knots in two-gap superconductor and two- 
component BEC. 



VIII. DISCUSSIONS 

In this paper we have presented a convincing evidence 
how the new condensed matters, in particular the two- 
gap superconductor and two-component BEC, can have 
novel non-Abelian vortices. A characteristic feature of 
the non-Abelian vortices is the non-trivial profile of the 
doublet. At the core the vortex is made of only the second 
component, but as we move away from the core the first 
component takes over and fills the space completely at 
infinity. 

Our anslysis tells that at the center of all these non- 
Abelian vortices lies the baby skyrmion. Indeed all these 
non-Abelian vortices stem from the baby skyrmion. This 
suggests that the Skyrme theory could also play an im- 
portant role in condensed matter physics. Ever since 
Skyrme proposed his theory, the Skyrme theory has 
always been associated to nuclear and/or high energy 
physics. This has lead people to believe that the topo- 
logical objects in Skyrme theory can only be realized at 
high energy, at the GeV scale. But our analysis opens up 
a new possibility for us to construct them in a completely 
different environment at much lower energy scale, in the 
new condensed matters This is really remarkable. 

Another important lesson from our analysis is that 
the non-Abelian dynamics could play a crucial role in 
condensed matter, in particular in multi-component con- 
densed matter. Perhaps this might not be so surprising, 
given the fact that the multi-component condensed mat- 
ters can only (and naturally) be identified as non-Abelian 
multiplets. Nevertheless, it is really remarkable that one 
can actually construct a non-Abelian gauge theory of 
superconductivity. Moreover the gauge theory of non- 
Abelian superconductivity suggests that, implicitly or 
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explicitly, the underlying dynamics of multi-component 
condensed matters can ultimately be related to a non- 
Abelian dynamics. This suggests that the non-Abelian 
gauge theory could play an important role in condensed 
matter physics in the future. 

Perhaps a most immediate outcome of our analysis is 
the existence of topological knots in two-component con- 
densed matters 0,1^. From our analysis it must become 
clear that we can also construct a helical vortex by twist- 
ing the non-Abelian vortex along the z-axis and making 
it periodic in z-coordinate. Of course such a helical vor- 
tex by itself may be unstable and likely to unwind itself 
to a straight non-Abelian vortex, unless the periodicity 
condition is enforced by hand. However, we can make it 
stable by making it a vortex ring by smoothly connect- 
ing two periodic ends. The stability follows from the fact 
that due to the twist the vortex ring can not collapse 
dynamically. For example the twisted vorticity ring has 
a velocity current along the knot. This in turn generates 
a non-vanishing angular momentum around the z-axis, 
which provides a centrifugal repulsive force to prevent 
the collapse of the vortex ring. So the twist which cre- 
ates the instability in the helical vortex now serves to 
provide the dynamical stability of the knot 0, . 

Furthermore, this dynamical stability of the knot can 
be backed up by the topological stability. This is because 
mathematically the non-linear sigma field h, after form- 
ing a knot, acquires a non-trivial topology 713(6'^), which 
can not be changed by a smooth deformation of the field. 
This endorses our earlier claim that the new condensates 
allow not only the non-Abelian vortices but also stable 
knots HH. 

From our analysis there should be no doubt that the 
non-Abelian vortices and the topological knots must ex- 
ist in the new condensed matters. If so, the challenge 
now is to verify the existence of these topological objects 
experimentally. Constructing the knots might not be a 
simple task at present moment. But the construction of 
the non-Abelian vortices could be rather straightforward 
(at least in principle), which might have already been 
done [11 m. To identify the non-Abelian vortices, there 
are two points one has to keep in mind. First, the (mag- 
netic) flux of the non-Abelian vortices is twice as much 
as that of the Abelian counterparts. Secondly, the non- 
Abelian vortices must have a non-trivial profile of f{g). 
This is a crucial point which distinguishes them from the 
Abelian vortices. With this in mind, one should be able 
to construct and identify the non-Abelian vortices in the 
new condensates without much difficulty. 

We conclude with the following remarks: 
1. We have emphasized the potential importance of vor- 



ticity interaction in two-component BEC which is dif- 
ferent from the polynomial Gross-Pitaevskii interaction 
which one has in single-component BEC. The advantage 
of the vorticity interaction is that it is a gauge interac- 
tion, except that here the gauge potential is given by 
the velocity field of doublet (. This makes the gauge 
theory very similar to the Landau- Ginzburg theory of 
two-gap superconductor. In spite of the apparent simi- 
larity the vortices in single-component BEC and in one- 
gap superconductor have been thought to be based on 
seemingly different dynamics, the one on the polyno- 
mial interaction the other on the gauge interaction. Our 
self-interaction restores their similarity at the theoreti- 
cal level. We propose that the self-induced gauge theory 
of two-component BEC could also play a fundamental 
role in studying the non-Abelian superfluidity in multi- 
component superfluid. In fact we believe that the vor- 
ticity vortex in two-component BEC could also describe 
the vortex in ■^He superfluid 22]. 

2. As we have pointed out, the two-component BEC and 
two-gap superconductor can also admit the Abelian vor- 
tex as a solution when / = or / = tt. Moreover, in 
the critical case when the coherence length and the pen- 
etration length are the same, the magnetic flux and the 
energy of the non-Abelian vortex with q = m and those 
of Abelian vortex with q = 2m becomes degenerate. This 
raises an intriguing possibility, the possibility of tunnel- 
ing between the Abelian vortex with q = 2m and the 
non-Abelian vortex with q = m. This is an interesting 
question deserved to be studied further. 

3. In this paper we have concentrated on the condensed 
matter physics. But it must be clear that our results 
should also have important implications in high energy 
physics and cosmology. Indeed the existence of a chro- 
moelectric knot in OC D l23 | and a electroweak knot in 
Weinberg-Salam model [2J| which are very similar to the 
knots discussed here have already been proposed. More- 
over the existence of a cosmic string in cosmology has 
been speculated by many authors [23. We believe that 
the above theories of condensed matters, in particular 
the SU (2) gauge theory of superconductor can easily be 
embedded in any standard model of grand unification, 
and be a reallistic model for such a cosmic string. 
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